Abstract: A numerical model of subcritical and trans-critical power cycles using a fixed-flowrate low-temperature heat source has been validated and used to calculate the combinations of the maximum cycle pressure (P ev ) and the difference between the source temperature and the maximum working fluid temperature (DT) which maximize the thermal efficiency (η th ) or minimize the non-dimensional exergy losses (β), the total thermal conductance of the heat exchangers (UA t ) and the turbine size (SP). Optimum combinations of P ev and DT were calculated for each one of these four objective functions for two working fluids (R134a, R141b), three source temperatures and three values of the non-dimensional power output. The ratio of UA t over the net power output (which is a first approximation of the initial cost per kW) shows that R141b is the better working fluid for the conditions under study.
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Introduction
Considerable quantities of low-temperature thermal energy are available from natural sources (solar, geothermal, biomass) and industrial waste heat (power plants, chemical plants, etc.). In the current context of increasing fossil fuel cost, uncertainty over the safety of nuclear plants and public pressure for the reduction of adverse environmental effects, the conversion of these sources into mechanical energy and electricity is being seriously considered. The methods which can be used to achieve this conversion include systems using organic fluids, mixtures of pure fluids (NH 3 /H 2 O) and fluids with very low critical temperatures (CO 2 ). Power plants using such heat sources have been built [1, 2] and several manufacturers of plants using an organic Rankine cycle (ORC) announce systems with capacity from 6 kWe to 72 MWe [3] . However, in most cases the published literature consists of semi-analytical or numerical studies.
Liu et al. [4] analyzed the effect of working fluids (wet: water, ethanol; dry: HFE7100, n-pentane, iso-pentane and isentropic: R11, R123, benzene) on the performance of subcritical ORCs and reported that the thermal efficiency of such cycles is a weak function of the critical temperature. They also indicated that using a constant heat source temperature can result in considerable design differences with respect to the actual variable temperature of finite heat sources such as geothermal or waste streams. On the other hand Saleh et al. [5] performed a thermodynamic analysis of 31 pure working fluids for ORCs with and without superheating, operating between 100 and 30 °C. They found that the highest thermal efficiencies are obtained with dry fluids in subcritical cycles with regenerator. They also performed a pinch analysis for the heat transfer between the source and the working fluid and reported that the largest amount of heat can be transferred to a super-critical fluid and the least to a high-boiling subcritical fluid.
Several recent studies present the performance of ORC for conditions which optimize a particular performance indicator with respect to one independent variable. Thus, Lakew and Bolland [6] calculated the value of the evaporator pressure for two design objectives: maximum power output or smallest component size (heat exchanger or turbine). They analyzed a subcritical Rankine cycle without superheating, specified the heat source temperature in the range of 80-200 °C and considered six working fluids (R134a, R123, R227ea, R245fa, R290 and n-pentane). Their results show that the selection of working fluids depends on the type of heat source, the temperature level and the design objective. They concluded that an economic study is necessary to determine which working fluid is the most appropriate. In an analogous study [7] the present authors considered a subcritical Rankine cycle with superheating, operating between a constant flowrate fixed-temperature (100 °C) heat source and a fixed-temperature (10 °C) sink, for five working fluids (R134a, R123, R141b, ammonia and water). These results show the existence of two optimum evaporation temperatures: one minimizes the total thermal conductance of the two heat exchangers whereas the other maximizes the net power output. Based on these results they selected R141b and calculated the minimum thermal conductance for a system generating 686 kW; they also determined the corresponding thermal efficiency (12.6%) and the total exergy losses as a fraction of the source's exergy (13.8%). Analogously, He et al. [8] considered the evaporation pressure as the independent variable and the net power output as the single objective function. They obtained an analytical expression for the optimum evaporation pressure which maximizes the net power output in the case of a subcritical cycle without superheating and showed that its results are consistent with corresponding numerically predicted values for 22 working fluids. They established that the net power output is larger for working fluids whose critical temperature is close to that of the heat source. For heat source and sink temperatures equal to 150 °C and 20 °C respectively they concluded that R114, R245fa, R123, R601a, n-pentane, R141b and R113 are the most suitable working fluids.
In the present study we extend the previous optimization studies by considering the performance of subcritical and trans-critical systems with two independent variables: the evaporation pressure and the temperature difference between the working and external fluids (source and sink) at the inlet of the latter into the corresponding heat exchanger (evaporator and condenser). Specifically, by considering that the performance of the system is a continuous function of these two independent variables we determine the combinations of their values which maximize the thermal efficiency or minimize the total exergy losses, the total thermal conductance of the two heat exchangers and the turbine size. For each of these conditions the corresponding values of several operating variables (temperature pinch in the evaporator, working fluid mass flowrate, etc.) are determined and analyzed for two working fluids, three heat source temperatures and three non-dimensional power outputs. Figure 1 illustrates the schematic diagram of a basic system used to recover energy from a low temperature gas stream. The heat source is an industrial waste gas idealized as air. It enters the evaporator at a temperature T s,in with a mass flowrate s M  . The cooling fluid in the condenser is water with corresponding values T p,in and p M  . The working fluid receives heat at a relatively high pressure in the evaporator, expands in a turbine, thereby producing useful work, and rejects heat at a low pressure in the condenser. It is then pumped to the evaporator. Two possible temperature-entropy diagrams of the system shown in Figure 2a ,b illustrate subcritical and trans-critical operation respectively. Even though these figures indicate superheated fluid at the turbine exit it should be noted that for some working fluids and high values of the evaporating pressure state four can be in the two-phase region. The following assumptions are adopted for the modeling of the system:  Each component is considered as an open system in steady-state operation;  Friction and heat losses as well as kinetic and potential energies are neglected;  The specific heat of the source and sink are assumed to be constant;  At the exit from the condenser the working fluid is saturated liquid;  The specific volume of the working fluid remains constant during pumping;  The efficiency of the turbine and pump is assumed to be constant for all working fluids.
Description and Model of the System
Therefore the first law of thermodynamics for the evaporator, condenser, turbine and pump gives the following relations respectively:
Furthermore:
The thermodynamic properties appearing in the above equations are related as follows:
More equations are obtained by adding the following relations between the temperatures of the working fluid and those of the source and sink:
These introduce three more variables (T 3 , T 1 and DT) and the following additional relations between thermodynamic properties:
In order to determine whether the conditions at the turbine outlet correspond to superheated vapor or a vapor-liquid mixture the following non-dimensional parameter is introduced:
where:
The value of x 4 serves to situate the condenser pinch which is set equal to DT/2. Thus
Equations (3)- (8) constitute a system of 11 equations with 17 variables (five temperatures, five enthalpies, two pressures, two entropies, one specific volume and the efficiency of the turbine and pump). Six of these variables must therefore be specified to obtain closure. When this is done the values of the other variables appearing in Equations (3)-(11) can be calculated. The remaining variables appearing in Equations (1) and (2) (the three mass flowrates and T s,out ) can also be calculated if two of them are fixed. We thus obtain the design of a system corresponding to the choice of eight specified variables.
Independent Variables, Numerical Solution and Validation
The eight independent variables whose values have been specified during the present study are T p,in , η T , η P , s M  , T s,in , P ev , DT and the net power output of the system. The first four are fixed throughout the present study. The sink temperature T p,in is set equal to 10 °C (the annual average temperature of the water in the Saint-Lawrence river). The efficiency of the turbine and that of the pump are set equal to 0.8. Based on an actual case the volumetric flowrate of the gaseous source is 1.2 million m 3 /h (for atmospheric pressure and 100 °C the corresponding mass flowrate is s M  = 314.5 kg/s). Its temperature T s,in can take values between 100 and 230 °C. The range of the temperature difference DT, the evaporation pressure P ev and the net power output are specified later. The problem under consideration can therefore be summarized as follows: for the fixed values of T p,in , η T , η P , s M  and any value of T s,in and the net power output in the corresponding specified range, which combination of the other two independent variables, DT and P ev , optimizes the performance of the system? More specifically the objective is to determine the combination of DT and P ev which:
(a) Maximizes the thermal efficiency of the system:
where T W  , P W  and ev Q  are calculated from Equations (3), (4) and (1) respectively; (b) Minimizes the total non-dimensional exergy destruction:
where the rate of exergy destruction in any of the system's components is calculated from the exergy balance equation:
and the exergy of the working and external fluids at any state can be calculated from:
(c) Minimizes the total thermal conductance of the two heat exchangers, i.e., the sum of the thermal conductance of each part of the two heat exchangers. For the condenser only one part is considered when x 4 < 1 and the corresponding UA is calculated by dividing the heat transfer rate obtained from Equation (2) by the appropriate logarithmic temperature difference; when x 4 > 1 the thermal conductance for the phase change and desuperheating parts are calculated by dividing the appropriate heat transfer rate [Equation (11b) or the difference of Equations (2) and (11b) respectively] by the corresponding logarithmic temperature difference. For the evaporator a similar procedure is used to calculate the UA value of the three parts (heating of the liquid from 2 to 2*, evaporation from 2* to 3* and superheating from 3* to 4) for subcritical operation (Figure 2a ) or of the 20 parts into which the process from 2 to 3 is subdivided for trans-critical operation ( Figure 2b ). This approach has been used by Lakew and Bolland [6] and Cayer et al. [9] .
(d) Minimizes the turbine size parameter SP which accounts for the actual turbine dimensions [10] and is calculated from:
The values of DT considered in the present study are between 5 and 25 °C except as noted in one particular case. It is important to distinguish between this variable and the temperature pinch in the heat exchangers. Thus, in the condenser the pinch is equal to DT/2 and occurs at the position where the working fluid is saturated vapor when x 4 ≥ 1 or at the sink outlet when x 4 < 1. In the evaporator, for small glides of the source temperature the pinch occurs at the source inlet and is equal to DT; for large glides of the source temperature it occurs at the position where the working fluid is saturated liquid in the case of a subcritical cycle and at a position intermediate between the inlet and outlet of the evaporator in the case of a trans-critical cycle. In the latter case this position can be determined by subdividing the evaporator in a large number of segments and by applying the first law of thermodynamics [9] . During the present study combinations of the independent variables resulting in an evaporator pinch lower than DT/2 have been disregarded since they lead to large values of the evaporator thermal conductance.
The range of evaporator pressures examined during the present study is also bounded. Its lowest value is equal to the condenser pressure which is determined from T p,in and DT [using Equation (7) to obtain T 1 and Equation (8)]. For subcritical operation (Figure 2a ) its highest accepted value is equal to the saturation pressure corresponding to T 3 [obtained from Equation (7)] while for trans-critical operation ( Figure 2b ) it is equal to the pressure corresponding to the temperature of state 3 (T 3 ) and the entropy of the critical state (s cr ). However it should be noted that this upper limit is seldom reached since it is required that the quality at the turbine outlet should not be lower than 0.95 to avoid problems caused by liquid droplets in the turbine.
The model of the system was solved using the EES code [11] which includes thermodynamic properties for a large number of natural and manufactured fluids. The present model and calculation procedure were successfully validated by comparing their results with corresponding results from the literature. Figure 3 shows the thermal efficiency of an ideal Rankine cycle (η T = η p = 1), using HCFC 123 as the working fluid, calculated by the present code and corresponding results by Madhawa Hettiarachchi et al. [12] who have shown that their results agree perfectly with those obtained by Liu et al. [4] . The agreement between the present results and those of the two other studies is excellent for the entire range of turbine inlet temperatures. Further comparisons published elsewhere by Khennich and Galanis [7] confirm the validity of the present model and solution methodology.
The optimization of the functions η(DT, P ev ), β(DT, P ev ), UA t (DT, P ev ) and SP(DT, P ev ) for the specified range of the independent variables DT and P ev was carried out using the Variable Metric method for multi-dimensional optimization which is included in EES. According to the EES manual this method, which uses numerical derivatives, performs much better than the Direct Search method. 
Working Fluids
The choice of the working fluids was based on their thermodynamic and environmental characteristics. Working fluids for systems with low or intermediate temperature sources must satisfy several safety, environmental, performance and economic criteria [13] . Among the safety aspects, flammability, toxicity and auto-ignition are particularly important. Environmental criteria include the ozone depletion potential (ODP) and the global warming potential (GWP). Based on these considerations R134a and R141b, which have been included in several recent studies [6, 8, [14] [15] [16] , are used in the present study. Their thermophysical, safety and environmental properties are presented and compared in Table 1 . From a safety point of view R141b has a lower flammability while R134a has no flame propagation. It should be noted however that R141b will be phased out by 2030 due to its non-zero ODP [13] and that the stability of these two fluids at relatively high temperatures and pressures has not been established. Therefore results for such conditions are only included to illustrate the proposed optimization methodology and to establish the influence of the independent variables DT and P ev on the values of the four design parameters defined in the previous section (η th , β, UA and SP). EES calculates the thermodynamic properties using the equation of state developed by Tillner-Roth and Baehr [17] for R134a and the one provided by Martin-Hou [18] for R141b.
Results and Discussion
The results presented here have been calculated for the previously mentioned two working fluids with the four fixed variables ( s M  = 314.5 kg/s, T p,in = 10 °C, η T = η P = 0.8), three different source temperatures (T s,in = 100, 165 and 230 °C) and three different values of the non-dimensional net power output  which is obtained by dividing ( T W  -P W  ) by the following reference power:
ref W  is evaluated by considering a Carnot process operating between the inlet temperatures of the heat source and sink. The product of the mass flowrate, the specific heat and the temperature difference is higher than the actual heat extracted from the heat source while the Carnot efficiency is higher than that of the actual cycle using the specified heat source and sink. Therefore the values of (α) are considerably lower than one (Khennich and Galanis [7] , Cayer et al. [9] ). In the present study the adopted values of (α) are 0.04, 0.08 and 0.12. The range of values for the temperature difference DT and the evaporation pressure P ev has been specified in Section 3. Figure 4 shows the effect of the inlet source temperature on the reference power as well as on the Carnot (η C ) and triangular (η Tri ) cycle efficiencies. The latter, which is considered to be a more realistic upper limit than the Carnot efficiency for trans-critical cycles is calculated from the following expression (Schuster et al. [14] Figure 4 . Effect of T s,in on the reference power, the Carnot efficiency and the triangular efficiency.
The results of Figure 4 show that these three quantities which are independent of the working fluid increase non-linearly with T s,in . All three are equal to zero when T s,in is equal to T p,in ; as T s,in increases the reference power tends to infinity while the Carnot and triangular efficiencies approach unity. A comparison of the cycle's thermal efficiency calculated from Equation (12) with the two values obtained from Equations (16a) and (16b) would give a clear indication of the thermodynamic performance of the system under study. However, since the thermal efficiency can be interpreted as the ratio of revenues (which are proportional to the net power output) to running costs (which are to a large extent proportional to the rate of heat input) it is not a very important performance criterion for systems which use a free source of heat (waste or solar or geothermal heat). In such cases an economic analysis is required to select an optimum design as pointed out by Lakew and Bolland [6] . Such an analysis requires the specification of several details (for example: the diameter of the tubes and the shell in a tube and shell heat exchanger, see [9] ) and lacks the generality aimed for in the present study. Instead we introduce the following non-dimensional parameter which combines the total thermal conductance of the heat exchangers and the net power output:
The total thermal conductance of the heat exchangers, UA t , is considered to represent the initial cost of the system. It is of course true that this cost depends on other variables, e.g., the operating pressures and the turbine size SP. However, it is shown later that, for a fixed combination of source temperature 
and net power output, SP does not depend much on the design criterion while the opposite is true for UA t . Therefore the initial cost will depend more on the latter variable. On the other hand the denominator of F [Equation (17) ] determines the revenues generated by the system. In view of the above discussion we believe that this parameter is more appropriate than the thermal efficiency for the comparison of systems using free sources of heat since low values of F likely correspond to a smaller initial cost per kW or a higher output (higher revenues) for a given investment. It should also be noted that the ratio of total heat transfer area A to the net power output (Ẇ T − Ẇ P ) was used as an optimization criterion in the study by Madhawa Hettiarachchi et al. [12] . That ratio lacks the generality of the parameter F used in the present study since it is dimensional and its calculation requires the specification of additional information regarding the heat exchangers. Specifically the type of heat exchanger (plate, shell and tubes, etc.), the size of its parts as well as correlations for the calculation of heat transfer coefficients are the minimum requirements for the evaluation of U as illustrated in [12] and [19] . Table 2 shows the optimization results for R134a and a source temperature of 100 C. Part 2.1 presents the maximum thermal efficiency, the operating conditions (P ev,opt and DT opt ) for which this maximum efficiency is attained as well as the corresponding values of several other parameters. We note that in this case the optimum evaporation pressure is equal to the highest value compatible with the imposed constraints and that the optimum temperature difference DT is equal to the lower limit of the adopted range. As expected the maximum efficiency of this subcritical cycle is lower than the corresponding Carnot (η C = 24.1%) and triangular (η Tri = 13.7%) efficiencies. Its value and the operating conditions for which it is attained are independent of the non-dimensional power output. On the other hand the non-dimensional exergy destruction, the total thermal conductance, the turbine size parameter and the working fluid mass flowrate increase monotonically with the non-dimensional power output. In fact m  increases linearly with α while the rate of increase of β and SP decreases as (α) increases and that of UA t increases with (α). For all the values of (α) the working fluid is superheated at the turbine outlet (x 4 > 1) while the evaporator pinch occurs at the inlet of the source and is therefore always equal to DT opt . For these conditions the value of F [Equation (17)] increases with the non-dimensional power output indicating that the initial cost per kW likely decreases as the net power output decreases. Part 2.2 of Table 2 shows that the minimum non-dimensional total exergy destruction is obtained for the same operating conditions (P ev,opt and DT opt ) which maximize the thermal efficiency. Therefore the values of all the other calculated variables in Parts 2.1 and 2.2 are identical. This result establishes the fact that for this source temperature it is possible to simultaneously maximize the thermal efficiency and minimize the total exergy destruction. Part 2.3 of Table 2 presents the minimum total thermal conductance of the heat exchangers, the operating conditions (P ev,opt and DT opt ) for which this thermal conductance is attained as well as the corresponding values of other calculated parameters. For a given value of (α) the minimum thermal conductance is approximately 45% lower than the one corresponding to maximum thermal efficiency and minimum exergy destruction. However, this important reduction of the heat exchangers' conductance is accompanied by a significant deterioration of the other calculated parameters. Thus, the thermal efficiency decreases by approximately 30%, the total exergy destruction increases by approximately 60%, the working fluid mass flowrate and turbine size increase by approximately 75% and 10% respectively. These results establish a fact observed throughout this study, i.e., that for a given combination of T s,in and (α) (or equivalently a fixed net power output) the influence of different design scenarios on the variation of SP is rather small compared to that of UA t . It therefore justifies the assertion that the numerator of Equation (17) Table indicating that the minimization of UA t leads to systems requiring a smaller initial investment for a given power output. Table 2 shows that the minimum turbine size is obtained for the same operating conditions (P ev,opt and DT opt ) which maximize the thermal efficiency and minimize the non-dimensional total exergy destruction. Therefore the values of all the other calculated variables in Parts 2.1, 2.2 and 2.4 are identical. This result is important since it establishes the fact that for this source temperature it is possible to simultaneously maximize the thermal efficiency and minimize the total exergy destruction as well as the turbine size. The corresponding combination of P ev = 2365 kPa and DT = 5 C constitutes an interesting design condition for T s,in = 100 °C. However such a system is likely quite costly since the corresponding total thermal conductance is approximately twice the minimum value given in Part 2.3 of Table 2 .
Results for R134a
Analogous results for a trans-critical cycle with a source temperature of 165 C are presented in Table 3 . They show that in this case the operating conditions which maximize the thermal efficiency, minimize the total exergy destruction and minimize the turbine size are not identical. The difference between the conditions which maximize the thermal efficiency and those which minimize the exergy destruction are small (same optimum DT, small differences in optimum P ev ). On the other hand the conditions minimizing the turbine size are significantly different (smaller optimum evaporation pressures and higher values of DT). However, for a given value of (α) (or equivalently a fixed net power output) the maximum value of SP in the four parts of Table 3 is within 5% of its minimum while the corresponding maximum for UA t is 249% of its minimum. The values of F for the conditions minimizing UA t (Part 3.3) are even lower than those obtained for T s,in = 100 C (see Part 2.3 of Table 2 ) indicating that the initial cost per kW of such optimum systems probably decreases as the source temperature increases. The uncertainty in this last statement is due to two factors. First, the initial cost of the system increases with the area A of the heat exchangers rather than their thermal conductance UA. Second, the value of F does not take into account the higher cost resulting from the increase of the evaporation pressure corresponding to that of the heat source temperature (c.f. Tables 2  and 3 ). Analogous results have been calculated for a trans-critical cycle with a source temperature of 230 C. They confirm the trends discussed above but are not presented because R134a may not be stable at the corresponding high temperatures and pressures. Table 2 ) and occurs at the inlet of the heat source in most cases.
Results for R141b
Tables 4-7 show analogous results for this second working fluid which has a considerably higher critical temperature than R134a (see Table 1 ). Thus Tables 4 and 5 for T s,in equal to 100 and 165 C respectively correspond to a sub-critical cycle. In the case of T s,in = 230 C sub-critical and trans-critical results are presented in Tables 6 and 7 conditions which maximize η th and minimize β; it is highest for the conditions minimizing UA t and increases with the net power output.  For the conditions maximizing η th and minimizing β the pinch in the evaporator is equal to the smallest value of DT in the chosen range and occurs at the inlet of the source (except for the sub-critical cycle with T s,in = 230 C and α = 0.12). For the conditions minimizing UA t and SP the evaporator pinch has a value higher than the smallest value of DT.  The conditions minimizing UA t give turbines which are not much bigger than the corresponding smallest one. On the other hand the conditions which minimize SP give very high values of UA t compared to their minimum values. It is therefore justified to base a preliminary design on the conditions which minimize UA t and to use the proposed performance criterion F [see Equation (17) ] as an indicator of the specific cost of the system.  The value of F increases with the non-dimensional power output and its lowest values are obtained for the conditions which minimize UA t as in the case of R134a. For any given combination of T s,in and (α) the lowest values of F and the corresponding evaporation pressure are smaller in the case of R141b suggesting a lower initial cost per unit output for systems using this working fluid. The subcritical cycle with T s,in = 230 C designed for the operating conditions which minimize UA t has the lowest values of F among all the cases included in Tables 2-7 . 
Conclusions
The performance of subcritical and trans-critical cycles using a fixed-flowrate low-temperature heat source was optimized by determining the combinations of two independent design parameters (the maximum pressure P ev of the working fluid and the difference DT between the heat source temperature and the maximum working fluid temperature) which satisfy four different objectives: maximum thermal efficiency η th , minimum total exergy losses β, minimum total thermal conductance of the heat exchangers UA t and minimum turbine size SP. Such results were obtained for three source temperatures (100, 165 and 230 °C), two working fluids (R134a and R141b) and three values of the non-dimensional net power output.
The results show that for a given combination of working fluid, heat source temperature and net power output the values of P ev and DT which:
 maximize η th are essentially the same as those which minimize β but are very different from those which minimize UA t and SP;  minimize UA t require turbine sizes not much bigger than the corresponding minimum value of SP while those which minimize SP require a very large heat exchanger thermal conductance. In view of these observations and the fact that the heat source under consideration is free (waste heat, solar or geothermal energy) the ratio of the total thermal conductance to the net power output which represents, to a first approximation, the initial system cost per kW was considered to be the best criterion for choosing the design conditions P ev and DT. For a given combination of working fluid and T s,in the non-dimensional value of this ratio:
o increases with the net power output; o is lowest for the design conditions which minimize UA t . For any given combination of T s,in and the net power output the lowest values of this non-dimensional ratio are smaller in the case of R141b suggesting a lower initial cost per unit output for systems using this working fluid. The subcritical cycle with T s,in = 230 C and R141b designed for the operating conditions which minimize UA t has the lowest values of F among all the considered cases.
